I present a short review of the new twistor inspired techniques in perturbative QCD, which are the result of Witten's conjecture of a duality between twistors and string theory. I give an introduction to the main two tree-level techniques, the BCFW recursion and the CSW formalism, and show how the idea of using on-shell QCD amplitudes evaluated for complex momenta can lead to efficient techniques to perform analytic computations. Finally, I briefly discuss how these ideas can be applied to loop calculations if they are combined to the generalized unitarity approach.
INTRODUCTION
The understanding of Nature and of its fundamental building blocks, the elementary particles, is the main goal of today's activities in physics, which led in the 70's to the construction of the standard model (SM), describing the interactions among the fundamental fermions and bosons. Although the SM has been tested to an incredible precision, we know that it cannot be the final theory because even if the last missing fundamental particle predicted by the SM were discovered, too many questions are left unanswered. For this reason a lot of effort has been put over the last few years into developing new models that go beyond the SM and into making predictions for the corresponding signatures in future high-energy experiments.
Many of these new models, however, predict final states with a large number of colored particles, gluons or light quarks. A good understanding of the corresponding QCD background at leading order and beyond is hence necessary if we want to be able to analyze the data which will be collected at the LHC. On the other hand, QCD computations soon become tedious, due to the rapid growth of the number of Feynman diagrams with the number of external particles, and hence efficient techniques are needed. This field of research, which has always been very active, got new momentum in 2002 when Witten conjectured a duality between QCD and a certain type of twistor string theory [1] . This conjecture led to the introduction of several new tools that allow a very easy analytic computation of QCD amplitudes. All of these new techniques, which have by now been proven rigorously within the framework of quantum field theory and do not need the reference to twistor space anymore, rely on the idea that QCD amplitudes can be constructed from lower multiplicity on-shell QCD amplitudes, evaluated with complex external momenta. In this paper we shortly review the results of Witten's conjecture, and introduce the main computational tools. In Section 2 we briefly review color decomposition and spinor-helicity formalism, which form the basis for all the twistor inspired techniques. In Sections 3 and 4 we review the two main tree-level results for pure gluon amplitudes, namely the BCFW recursive relations and the CSW formalism. These approaches got a lot of attention over the last couple of years and led to many new results for QCD tree-level scattering amplitudes. In Section 5 we very briefly describe how this idea of on-shell methods and complex momenta, combined to the generalized unitarity approach introduced in the late nineties, can be applied to one-loop amplitudes. This approach to the calculation of QCD amplitudes has opened a completely new way to tackle loop computations, and recently very promising results regarding the automatization of the computation of QCD amplitudes beyond leading order have ben presented [2, 3] .
TREE-LEVEL AMPLITUDES IN QCD
The calculation of scattering amplitudes in quantum field theory has been one of the most important activities in theoretical physics over the last 50 years. The "Queen" of all techniques is based on Feynman diagrams, and allows to calculate a scattering amplitude order by order in perturbation theory. In this review we will be mostly concerned with tree-level gluon amplitudes, but we will briefly comment how the techniques we describe can be extended to include quarks and loops as well. Although Feynman diagrams provide a very natural approach to the calculation of scattering amplitudes, their use can soon become highly inefficient due the factorial growth in complexity with the number of external particles (See Table 1 ). The main reason for such an extremely fast growth is that each individual Feynman diagram is not a gauge invariant quantity and subsets of the diagrams combine and yield a gauge invariant result, and that gauge invariant subsets are repeated many times. On the other hand, it is known that even if the number of diagrams can be huge, the gauge invariant results for QCD amplitudes can very often be written in a very simple form, and large cancellations can happen between the different non gauge invariant contributions. For this reason, new techniques have been developed over the last fifteen years that allow to take the gauge-invariant structure into account from the beginning and to avoid in this way the bad algorithmic behavior of the Feynman diagram expansion.
The main strategy is to keep all the information separated form the start. The starting point for this idea is color decomposition, which allows to write an n gluon amplitude as a sum over different color structures appearing in the amplitude,
where the sum goes over all non-cyclic permutations of the gluons and p i , h i and a i denote the gluon momenta, helicities and color indices. The coefficients A n of the color traces are gauge-invariant quantities called color-ordered amplitudes which only depend on the gluon momenta and helicities, but not on their color. The color-ordered amplitudes can be extended to both quarks and loops, and they fulfill a set of symmetry properties that can be found in Ref. [4] . In particular, they are invariant under crossing symmetry if all the momenta are taken to be outgoing, which is the convention we will follow in the rest of this paper. Using Eq. (1) the problem of calculating an n gluon amplitude is reduced to the problem of calculating the corresponding gauge-invariant color-ordered amplitude, which can be done either recursively [5] or using (color-ordered) Feynman diagram techniques [4] . We will hence be concerned only with the calculation of colorordered amplitudes, and we will therefore use indifferently the words "amplitude" and "color-ordered amplitude". As the color-ordered amplitudes only depend on the gluon momenta and helicities, they can be easily calculated using the spinor-helicity formalism, which is based on the fact that each light-like momentum p can be decomposed into two spinors,
where λ a andλȧ denote two massless Weyl spinors with opposite chirality. We can now easily define spinor products as the antisymmetric contractions of these Weyl spinors, e.g. if p i and p j denote two massless momenta, then we define
It can be shown that, if p i and p j are real, the two kinds of spinor products are complex conjugate to each other up to a sign, and they can be related to the invariants
. For more details on spinor products, the interested reader may refer to Ref. [4] .
Using the spinor-helicity formalism, it is possible to express every tree-level scattering amplitude as a rational function of spinor products. In particular, the amplitudes where exactly two gluons have a negative helicity take an extremely simple form,
where i and j denote the labels of the negative-helicity gluons, and all other particles have positive helicity. Using parity, we can obtain a similar form for the corresponding amplitude where all the helicities are flipped. These so-called maximally helicity-violating (MHV) amplitudes, which are valid for an arbitrary number of external gluons, were first conjectured by Parke and Taylor in Ref. [6] and later proven analytically by Berends and Giele using their recursion relations [5] . However, for amplitudes with more than two negative-helicity gluons, no general formula valid for arbitrary n can be given and they have to be calculated separately for each n. In the rest of this paper we present techniques to calculate these amplitudes, which were originally inspired by Witten's duality to twistor string theory and that lead in general to very simple and compact analytic expressions.
BCFW RECURSION RELATIONS
A first outcome of Witten's duality to twistor string theory were the so-called BCFW recursion relations, which were first conjectured in Ref. [7] and later proven analytically in Ref. [8] using standard complex analysis. The BCFW recursion relations state that is possible to construct on-shell gluon amplitudes recursively from on-shell amplitudes having a smaller number of external legs, where some of the external momenta have been shifted into the complex plane,
where P 1,k = p 1 + p 2 + . . . + p k and a sum over the helicities h of the intermediate gluon is implicit. The prescription for the shifts into the complex plane are given byp
where we introduced the shorthand n|P 1,
. Notice that the shifts defined through these relations leave the momenta on shell,p 2 1 = p 2 n = 0, and they conserve momentump 1 + p 2 + . . . + p n−1 +p n = 0, which implies that the quantities appearing on the right-hand side of Eq. (5) truly represent onshell gluon amplitudes. Furthermore, notice the appearance of three-point on-shell amplitudes in the recursion, which vanish if all external momenta are real, but are non vanishing in complex kinematics.
The results obtained from the BCFW recursion in general lead to very compact and simple analytic expressions for gluon amplitudes. We show below the result obtained for a seven gluon amplitude in a split helicity configuration [7] , [34] , etc. Since they were introduced, the BCFW recursions have been employed in a lot of applications [9, 10, 11, 12] , and in particular they were extended to the case were external massive particles are present [13, 14, 15] , as well as to QED processes [16] . Finally it was shown in Ref. [17] that Eq. (5) does not only hold at the color-ordered level, but can be applied to the full QCD amplitude including color as well.
CSW FORMALISM
Using his duality, Witten conjectured that it should be possible to construct all tree-level gluon amplitudes using a diagrammatic formalism similar to Feynman diagram techniques where the vertices correspond to on-shell MHV amplitudes given in Eq. (4) and the propagators are just scalar propagators. This diagrammatic approach, which is known today as the CSW formalism, was first introduced in Ref. [18] , and later proven recursively by Risager in Ref. [19] using the BCFW recursion relations. More recently, other approaches proved the CSW formalism by a non-local field transformation on the Yang-Mills lagrangian [20, 21] .
If we want to use the MHV amplitudes introduced in Section 2 as building blocks for a new diagrammatic approach, we have to face the problem that Eq. (4) needs to be evaluated for off-shell momenta. The factorization of a momentum into a product of two spinors with opposite chirality, Eq. (2), does only hold for light-like momenta, so we have to find a new way to evaluate the spinor products that appear in Eq. (4). We can, however, notice that MHV amplitudes have a quite peculiar structure, because they only depend on one single kind of spinor products, and hence it is enough to have a prescription to construct a spinor of the corresponding type.
The prescription was given in Ref. [18] and reads:
Each off-shell momentum P in an MHV amplitude has to be interpreted as P aȧ η˙a, where η˙a is an arbitrary massless spinor.
In practise, this means that all spinor products involving an off-shell momentum P = P i,j have to be interpreted as
It can be shown that the dependence on η˙a is spurious and that this spinor always cancels out in the sum over all diagrams. Let us make two comments about this prescription, showing the similarities between the CSW and the BCFW approaches:
• The off-shell continuation presented in the prescription above shifts a momentum into the complex plane. We are hence again in the situation were we can build QCD amplitudes from on-shell amplitudes having a lower number of external momenta, but evaluated in complex kinematics.
• Similar to the situation of the BCFW recursive relations, we have to take into account on-shell three-point MHV amplitudes in the CSW formalism. They vanish in real kinematics, but are non vanishing in complex kinematics.
As an illustration we show in Fig. 1 the CSW diagrams contributing to the 6-gluon next-to-MHV amplitude A 6 (1
As the final result is independent of our choice for the reference spinor η˙a, we can in particular choose one of the external momenta. Choosing η˙a =λ˙a 4 we can simplify the calculation by making the third diagram vanish. The sum of the other five diagrams evaluates to The analytic simplifications of this expression were performed using the S@M package [22] . Since it has been introduced, the CSW formalism has known many applications as well as extensions to massive particles [23, 24, 25] . Furthermore, this formalism turned out to be very convenient not only for the construction of scattering amplitudes, but also for the calculation of so-called splitting functions, which are amplitudes that describe the splitting of a particle in the collinear limit [26, 27, 28 ]. An extension of this latter technique to more general object, the so-called antenna functions and Lipatov vertices, is currently under investigation.
TOWARDS ONE-LOOP AMPLITUDES
The ideas presented in the previous sections, using on-shell amplitudes evaluated with complex momenta, have soon been generalized beyond one loop. The basic ideas for this go back to the nineties with the observation that all pure gluon amplitudes can be written at one-loop level as a combination of box, triangle and bubble integrals,
where
3 and I
2 denote the scalar box, triangle and bubble master integrals. The idea is now to exploit the unitarity of the scattering matrix to extract the integral coefficients by cutting a loop propagator, i.e. by putting a loop propagator on shell [29, 30] . If we replace a loop propagator by a δ-function, then it is easy to see that the one-loop amplitude factorizes into a product of two tree amplitudes,
On the other hand, we know how the master integrals behave when we cut a propagator, so we can get information about the integral coefficients. This procedure was later generalized to include cuts in more than one channel. The idea would now be to perform four cuts, which would localize the box integral completely and hence would lead to a way to extract the the box coefficient. However, this is not possible, because if we cut the box in a massless channel, the one-loop amplitude factorizes onto a three-point on-shell amplitude that vanishes in real kinematics. We already know from the previous sections that the three-point on-shell amplitude is non-vanishing in complex momenta. This idea was exploited in Ref. [31] to completely localize the box coefficient using a quadruple cut in complex momenta. Symbolically, we can write
Notice that this result does not require any loop integral evaluation. In fact, if we perform a quadruple cut, we insert four δ-functions into the four-dimensional integral, and hence we "localize" the integral completely. Furthermore, this result follows exactly the spirit of the techniques we already introduced in the previous sections for tree-level calculations, i.e. we can get valuable information by considering on-shell amplitudes with complex external momenta, which implies in particular the non-vanishing of the on-shell three-point amplitude.
Having the box coefficient, we can proceed and determine triangle and bubble coefficients using triple and double cuts. We then still need to determine the rational part of Eq. (10), which cannot be obtained from the unitary method, because the rational part does not contain any cuts by definition. Several techniques have been developed over the last couple of years to deal with this issue:
• In Ref. [32] it was shown that the rational terms can be obtained from a recursion similar to the BCFW recursive relations introduced in Section 3.
• We implicitly assumed in our discussion that all the momenta that appear in the loop amplitude are four dimensional. It was shown Ref. [33] that the rational terms can be obtained by performing the cuts not in four but in D dimensions.
Over the last year, a lot of effort has been put into automatizing the unitarity based approach to one-loop amplitudes [2, 34, 35, 36] . Recently, the Blackhat collaboration released a code which implements this unitarity based technique, together with the recursion relations mentioned above to determine the rational parts of the one-loop amplitude [3] . For the moment however, only gluon amplitudes can be calculated using this code, but promising results which might allow to include quarks and massive particles as well are already available [37] .
CONCLUSION
Over the last couple of years, the so-called twistor methods have been one of the most prominent research topics in QCD. In this paper we presented a short review of these techniques, both at tree-level and beyond, which were originally inspired by Witten's duality to twistor string theory and are based on the idea to build QCD amplitudes from lower multiplicity tree-level amplitudes evaluated in complex kinematics. The results obtained in this way share the common feature that they have in general a very compact and simple analytic structure, which makes this approach suitable for analytic computations of QCD amplitudes with a large number of external legs. Recently, first attempts were made to automatize the generalized unitarity technique combined to the on-shell methods, and although it is most probably a long way to go, this approach seems to be a very good candidate to solve the issue of automated one-loop QCD computations, results which are needed for the predictions for future high-energy experiments like the LHC.
